A class of integral equations involving the H function as kernel  by Srivastava, H.M
MATHEMATICS 
A CLASS OF INTEGRAL EQUATIONS INVOLVING 
THE H FUNCTION AS KERNELI) 
BY 
H. M. SRIVASTAVA 
(Communicated by Prof. J. RIDDER at the meeting of November 27, 1971) 
ABSTRACT 
Integral equations of the type 
z 
(*I s WdY) f(Y) (~Y/YJ=d& ~20, 
0 
where g is given and f is an unknown function to be determined, can be reduced 
fairly easily to the form 
(**I 
In the present paper the author shows how the systematic use of the theory 
of the Mellin transform leads to a simple procedure by means of which this class 
of integral equations may be solved. The technique, which presupposes the existence 
of the Euler transform of the kernel as well as the Mellin transform of the Euler 
transform, is illustrated here by obtaining a solution of the integrd equation 
co 
(***I s (x-Y)-aH~~[~-Ylf(~)dx=g(y), yzo, 
t! 
where Hz: [Q denotes the H-function of C. Fox [2]. Since a large variety of 
functions that occur frequently in problems of analysis and mathematical physics 
are only specialized or limiting forms of the kernel used in (***), the inversion 
problem discussed in this paper may prove to be of general interest. Several 
particular cases of the main result are discussed systematically. 
1. INTRoDUOTI~N 
Integral equations of the type 
(l-1) 
z 
SK0 
; f(?/$ =g(x), x20, 
0 
where g is prescribed and f is the unknown function to be determined, 
can be reduced to the form 
(1.2) 
co 
J Kl(t-~)fi(t)dt=gl(zc),~20, 
u 
1) Supported in part by the National Research Council of Canada under 
Grant A 7353. See also Abstract 70T-B 161, Notices Amer. Math. Sot. 17 (1970), p. 819. 
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if we make the substitutions x = e-u, y= e-t, and write 
/(e-z) =/i(z), gQP) =gl(+ KC@) =&(.+ 
The object of the present paper is to show how the systematic use of 
the theory of the Mellin transform leads to a simple procedure by means 
of which this class of integral equations may be solved. The technique, 
which presupposes the existence of the Euler transform of the kernel 
as well as the Mellin transform of the Euler transform, is illustrated by 
obtaining a formal solution of the integral equation 
where y 10 and Hr’T [x] denotes the H-function of Fox [Z, p. 4081. 
Since a large varikty of functions that occur frequently in problems 
of analysis and mathematical physics are only specialized or limiting 
forms of the kernel used in (1.3), the inversion problem discussed in this 
paper may prove to be of general interest. With this point in view we 
record, in the last section, a few instances when the kernel is reduced 
to MEIJER'S G-function [4], the generalized hypergeometric function 
pJ’q[a], the Whittaker function WA,,(z), or the Bessel functions J,,(x), 
K,,(Z), and Y,,(z). By making use of extensive tables of functions (or their 
various combinations) expressible in terms of the G-function or the 
generalized hypergeometric function (see, e.g., [l, pp. 215-2221 and [3, 
pp. 209-2341) t i will be equally straightforward for the reader to deduce 
solution of a given integral equation of the type (1.1) or (1.2) from the 
results presented here. 
2. PRELIMINARY RESULTS 
We begin by recalling the definition of the Mellin transform P(s) of 
a function f(x) as 
(2.1) P(s) = M(f(x)} zo; xs-1 f(x) dx, 
where s is a complex number. 
By the Mellin inversion theorem [S, pp. 246-2471, we know that if 
the integral in (2.1) converges absolutely on the line Re (s) = z, and if f(t) 
is of bounded variation in a neighborhood of the point t =x (x> 0), then 
wherein the last member may be replaced by f(x) if f(t) is continuous at 
the point t =x. 
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Also, by Parseval’s theorem for the Mellin transform, it is known that 
if JW(4l=F( s and M{g(x))=G(s), then [5, p. 431 1 
(2.3) 
which holds true under two alternative sets of conditions enumerated in 
Theorem 42, p. 60 of [6]. 
Next we recall the definition of Pox’s H-function [2, p. 4081 in the 
(slightly modified) form 
where an empty product is interpreted as unity, OSmSq, OrSn&p, the 
f$ and Bj are all positive, the poles of the integrand of (2.4) are simple, 
9 is a suitable contour of Mellin-Barnes’ type which runs from -ioo 
to ice with indentations, if necessary, in such a manner that all the poles 
of F(/tlJ-Bj& j=l, . . . . m, are to the right, and those of I’(1 ---as + Aj C), 
j=l 3 *es, n, to the left, of 9, and the integral converges if 
(2.5) 
with 
W) A=i A*- 5 Aj+ $Bj- i Bib-O. 
i-1 i-n+1 i-l 1=m+1 
These conditions will be assumed throughout the present paper, and for 
convenience, we shall abbreviate the first member of (2.4) by 
From (2.4) it follows at once that 
provided 
(24 
1 -Re(@ <Re (s)<Re($) , 
( (j=l, . ..) m; k=l, . ..) n); 
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and on substituting the contour integral (2.4) for the H-function, if we 
invert the order of integration and evaluate the inner integral by using 
the familiar formula [l, p. lo] 
! g-1 (x-y)‘“-1 dy=x”+p-lB(a, p), 
whese Re (A) > 0 and Re (,u)> 0, we shall obtain the Euler transform 
f y-(x - y)“-“-l HE’; [y] dy 
P-9) 
valid when 
(2.10) Re(p)<Re(a)<l+ mm Re 
1liSnZ 
3. SOLUTION OF THE PROBLEM 
In this section we describe briefly our formal procedure to obtain the 
solution of the integral equation (1.3). 
On setting g(y) = (1 + y)- l y Y+lh(y), if we multiply both sides of equation 
(1.3) by y”-“-l and integrate with respect to y over (0, oo), we find, upon 
inversion of the order of integration and by a subsequent change of 
variable, that 
~k(y)y”-~+w+y)-ldy 
0 
= r j(x) dx [ t-“(x-t)--l H;‘; [t] dt 
by means of formula (2.9), provided that (2.10) holds true. 
If we now apply Parseval’s relation (2.3) in conjunction with the fact 
that M{/(x)) =P( ) ’ pl s im ies &F{x~~(x)} =F(s + 6), we shall obtain 
where 
216 
(34 H(s)=N{h(x))= s” x--Y-l (1 +x-l) g(x) dx, 
0 
since, by hypothesis, h(x) = (1 +x-l) x-Y g(x), y being a suitable constant. 
The Gamma functions occurring inside the left-hand integral in (3.1) 
have no poles in the region 
(3.3) Re (a-/3+7)< Re (s)=Y< Re (CX-P+~)fl, 
and the Gamma functions occurring inside the right-hand integral in (3.1) 
have neither poles nor zeros in the region 
(3.4) 0, Re (N-B), . . . < Re (s)=u< . . . . 
wherein the ellipses (...) indicate numbers involving the p+q parameters 
011, ***,@p and PI, . . . . &. 
Assuming that it is possible to determine a common value of v and 
o satisfying the inequalities in (3.3) and (3.4), we may formally write an 
obvious consequence of (3.1) in the form 
i 
lq6) = W(s) 
r(s)r(oc-~+y-s+l)~(~-~+P-Y) 
r(ol-p).r(s-~+p) 
(3.5) 
I* 
fi I’[l-/9j-I&(1-S-/3)] fi r[olj+Aj(l-s-p)] 
i-m+1 j=n+1 
fi P&+&(1-s- p)] fi r[l--Lxj-Aj(l -s-/3)] ’ 
i=l !j=l 
which, by an appeal to the Mellin inversion formula (2.2) and the equation 
(3.2) and on inverting the order of integration, gives us 
1 
fix) = 2niQx- /s) o L-y-l(l+Y-lMYwY 
s+ioo r(s)r(oc-/3+y-S+l)r(s-Cx+/9-y) 
(3.6) 
* .lm qs-a+/q 
,=$+1 r[l-Bi-4(1-s-B)11=~+1 JI%+4P-s-B)1 
fi IQIj+Bj(l-s+I)]fi T[l-olj-f&(1-s-/3)] 0 
x -‘ds, 
ii 
\ j=l i=l 
provided that the integrals involved are absolutely convergent and the 
functions involved satisfy the conditions of the Mellin inversion theorem. 
The inner contour integral in (3.6) can be interpreted fairly easily in 
terms of the H-function defined by (2.4), and we are thus led, formally, to 
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THEOREM. If the inequalities in (2.10) hold true, y”-fi-Is(y) EL(O, oo), 
and y-Y-l(l+y-r)g(y) EL(O, oo), th en the integral equation (1.3) has for 
its solution 
1 
*H4-m+2,p-n+l 
P-+-22, q+2 
x (B-Y-ol,l),(al,Al),...,(ap,Ap),(P-ol,l) 
[/ y (0, 11, (B-y-4 11, (bl, w, *‘a> @,, &I 1 ay, 
where, for the sake of brevity, 
(3.8) 
\ a~=l-~p-j+l-(l-B)Ap-j+l,j=l ,..., p, 
( bk=l-Pa-k+l-(l-P)Bp-k+l, k=l, *.*, 4; 
provided that the integral in (3.7) converges. 
4. APPLICATIONS 
When Ai= 1, j= 1, . . . . p and Bk= 1, I%= 1, . . . . q, the H-function would 
reduce to the G-function of MEIJER [4], and our theorem leads us at 
once to 
COROLLARY 1. Let 
(4.1) Re (8 <Re (a) < 1 + lr2m Re (Pj), 
and let g(y) satisfy the conditions of the theorem. 
Then the integral equation 
(4.2) f(x) ax = g(Y), Y 2 0, 
has its solution given by 
1 
*Gq-m+2,p-n+l 
p+2, q+2 
x p-y-, Cl, *a*, CP, P-a 
(I Y ~,p-~-~,a~, . . ..a. > 
dY7 
A great many of the special functions that occur in problems of applied 
mathematics can be expressed in terms of the G-function (see [l, pp. 219- 
2221 and [3, pp. 225-2301). Thus the transform pair (4.2) and (4.3) would 
apply to a large class of integral equations involving, for instance, Bessel, 
Legendre, Whittaker functions, their various combinations and other 
related functions. On the other hand, several special functions of mathe- 
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matical physics such as the classical orthogonal polynomials of Jacobi, 
Laguerre, Hermite, etc. are particular cases of the generalized hyper- 
geometric function PFQ[~] which, in turn, is incorporated in the G-function, 
since [l, p. 2151 
2 1 zzz 
Ii r(b) 
j-l 
-- 
fi WA 
j-1 
l-al, . . . . l--a, 
) 0, l-bi, . ..) l-b, 
\ (~651 or p=q+ 1 and 1.~1 cl). 
By making a free use of the tables referred to above, we may obtain the 
following interesting applications of Corollary 1: 
COROLLARY 1.1. If Re (/3) < Re (a) < 1 and g(y) satisfies the conditions 
of the theorem, then the integral equation 
(4.6) r (x-y)-ocpFq [i” --~~ y-x] f(x)dx=g(y), y20, 
1, .*a> a> 
has for its solution 
i 
f(x) = 
fi JTo15) 
jP Y-y-l (1 +y-l) g(y) 
(4.7) 
i 
JwP)iJ W,) O 
(4.8) 1 
ej=olp-j+l+~-l,j=l,...,~, 
f,k=&k+l-t-~-l, k=l, . . . . q. 
COROLLARY 1.2. Let Re (8) < Re (a) (: Re ($ i: ,D) and let g(y) satisfy 
the conditions of the theorem. 
Then the solution of the integral equation 
(4.9) y (x-Y)- a ebczpv) WA, y (x-y) f(x) dx = g(y), y 2 0, 
is given by 
1 f(X)= 
r(+-A-p)r(+-nt-p) O3 
e-/-9 
I y-y-‘tl+Y-‘)gtY) 
(4.10) 
21 x 
‘G3 4 i (I 
p-y-a, p-A-1,p-cd 
0 p-y-a p-p-*, /3+/A-* dyy 7 > > 
provided that the last integral is convergent. 
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COROLLARY 1.3. Let g(y) satisfy the conditions of the theorem and let 
Re (/I)< Re (a)< Re (l-k@). 
Then the integral equation 
(4.11) 
has for its solution 
Hz) = qal- p) 
(4.12) 
dy, 
provided that the integral converges. 
COROLLARY 1.4. If g(y) satisfies the conditions of the theorem and 
Re (/3) < Re (m) < 1+ $1 Re (Y)/, 
then the integral equation 
(4.13) gr (X-yy)-“K,(21/x-y)f(x)dz=g(y), YZOO, 
has its solution given by 
2 
Hz) = T(ol - p) * 
yy-“(l+Y-‘MY) 
(4.14) 
21 x 
“24 - 
(I 
P-Y-4 B-a 
Y 0, p-y-a, pi-&J, /3-&J 
dy, 
provided that the integral is convergent. 
COROLLARY 1.5. Under the conditions of Corollary 1.4, the integral 
equation 
(4.15) r (X-y)-aY,(2~)f(x)dx=g(Y); yzo, 
has for its solution 
1 
f@) = r(cx - 8) 0 
j+l(l+Y-l)g(Y) 
(4.16) 
32 x 
*G3 5 y (I 
p--y-a, p+gv+g, B-N 
p-y-/q p+*v+w, p-gv,p+&J > 
dye 
0 , - 
In view of the known identities of types (2) and (6), p. 150 in [3], the 
G-functions occurring in the above solutions would simplify considerably 
if we specialize 01, p and y appropriately. For instance, if in Corollary 1.4 
we let y=O and make use of the reduction formulas (2), p. 150 in [3] 
and (4.5) stated above, we shall readily have 
COROLLARY 1.4.1. Under the conditions of Corollary 1.4 with y = 0, 
the integral equation (4.13) has for its solution 
%~-P) 
f(4= r(l-p-&)r(l-/3+fv) O s" y-1 (1 +Y-')g(Y) 
(4.17) 
-92 
[ 
l-&+/J; x 
l-~-~V, 1--p+&; -i dy. 1 
Special cases of the integral equations (4.13) and (4.15) when DL = + - iv 
were considered recently [7]. It may be of interest to note that our 
solutions (4.17) with ol=+-iv, /3= -$v and (4.16) withm=$--iv, /3= -gv, 
y= -$ are in complete agreement with those obtained earlier. 
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